The Collatz sequence for a given natural number N is generated by repeatedly applying the map N → 3N + 1 if N is odd and N → N/2 if N is even. One elusive open problem in Mathematics is whether all such sequences end in 1 (Collatz conjecture), the alternative being the possibility of cycles or of unbounded sequences. In this paper, we present a formula relating the stopping time and the number of odd terms in a Collatz sequence, obtained numerically and tested for all numbers up to 10 7 and for random numbers up to 2 128.000 . This result is presented as a conjecture, and with the hope that it could be useful for constructing a proof of the Collatz conjecture.
Introduction
The Collatz conjecture states that the sequence resulting from repeatedly applying the map N → 3N +1 if N is odd and N → N/2 if N is even, starting from any natural number, inevitably reaches 1. The alternative would be the existence of some special N for which the sequence diverges or features an indefinite cycle. For a review on general properties of Collatz sequences, see [1] .
Despite the simplicity in the enunciation of the conjecture, it turns out to be an incredibly challenging problem. There is no simple formula relating N to the number of iterations needed to reach 1, and the behavior of this number (called the stopping time) as a function of N is markedly unpredictable, even passing several standard tests of randomness [2] .
Our goal in this paper is to propose an explicit formula for the stopping time S as a function of the number of odd terms in the sequence and of N , a result which, if correct, allows one to constraint which values S may assume.
The formula
Let S be the stopping time for the Collatz map starting from a given natural number N , defined as the number of iterations needed for the sequence to reach 1, and let α be the number of odd terms in the resulting sequence, excluding 1.
1 Conjecture: For all N for which S is defined, it is true that
where ⌈x⌉ is the ceiling function, defined as the smallest integer greater than or equal to x. The use of the ceiling function is necessary because the residue ǫ(N ) ≡ S − log 2 (6 α N ) is in general not zero. In fact, it is a seemingly random real number in the interval [0, 0.326). The distribution of ǫ(N ) for all N < 10 7 is shown in Fig. 1 .
Our numerical tests have verified the validity of this relation for all natural numbers smaller than 10 7 , and also for thousands of random numbers between 1 and 2 128.000 , strongly suggesting its validity for all natural numbers. A proof is left as an open problem.
Implications
In principle, we do not know how many odd numbers a Collatz sequence will have, so α is an unknown prior to having calculated the entire sequence. But if Eq. 2.1 is valid, some values which S cannot assume can be calculated without calculating any iteration of the Collatz map.
First, since α ≥ 0, then S ≥ log 2 N . This is a trivial result: the fastest a number could get to 1 under the Collatz map is if the terms in its Collatz sequence never increase in value. In practice, this happens for powers of 2.
A less trivial result is that, since α must be a natural number, not necessarily S can assume any natural value ≥ log 2 N . zero), are 7, 9, 12, 14, 17, 19, 22, 25, 27, 30, 32, 35, . . . . The true value, which is 27, is present in this list, but many numbers both smaller and larger than 27 are not, say 15, 26 or 34. Let's call such numbers prohibited values for S(N ).
The list of prohibited values P for S given a particular number N can be propagated to infinite other numbers, as long as the Collatz conjecture is true. If that is the case, then S(N/2) = S(N )− 1 if N is even and S(3N + 1) = S(N )− 1 if N is odd. Moreover, S(2N ) = S(N )+1 for all N , and S((N −1)/3) = S(N )+1 if (N − 1)/3 is an odd natural number. Using these relations, either P + 1 or P − 1 can also be shown to be prohibited values for these up to 3 other numbers. This procedure can be carried out recursively and starting from different N and associated P , resulting in a sieve algorithm for ruling out stopping times for natural numbers.
Sequences with constant α
One important feature of Eq. 2.1 is that it connects the stopping times of sequences of natural numbers with constant α in an S(N ) plot, such as the one shown in Fig. 2 , in which stopping times and curves with constant α are overlaid. The first such sequence, which is the lower frontier in that figure, is the one for α = 0. This is the sequence of all powers of 2, which have no odd numbers in their Collatz sequences. Sequences with higher α appear increasingly higher, and no two curves with different α ever intersect. We have also included two zoomed-in versions of Fig. 2 in Fig. 3 , and the first elements of some sequences of numbers with constant α are shown in Table 1 .
Collatz sequences in an S(N ) plot
It is illustrative to show what a Collatz sequence looks like in an S(N ) plot. As the sequence goes on, S(N ) decreases by 1 at each step, and one of two possibilities takes place: either the point moves along a curve with constant α to the left, as its factors of two are removed, or it moves right to a curve with lower α underneath the previous one. The process is repeated until the point becomes a power of 2 and lands at the curve with α = 0, from where it monotonically decreases towards 1. Three examples of this process are shown in 
